The exceptional point, known as the non-Hermitian degeneracy, has special topological structure, leading to various counterintuitive phenomena and novel applications [1] [2] [3] [4] , which are refreshing our cognition of quantum physics. One particularly intriguing behavior is the mode switch phenomenon induced by dynamically encircling an exceptional point in the parameter space [5] [6] [7] [8] [9] [10] [11] [12] . While these mode switches have been explored in classical systems [13] [14] [15] [16] , the experimental investigation in the quantum regime remains elusive due to the difficulty of constructing time-dependent non-Hermitian Hamiltonians in a real quantum system. Here we experimentally demonstrate dynamically encircling the exceptional point with a single nitrogen-vacancy center in diamond. The time-dependent non-Hermitian Hamiltonians are realized utilizing a dilation method. Both the asymmetric and symmetric mode switches have been observed. Our work reveals the topological structure of the exceptional point and paves the way to comprehensively explore the exotic properties of non-Hermitian Hamiltonians in the quantum regime.
Quantum systems driven by non-Hermitian Hamiltonians exhibit exotic properties comparing to those governed by Hermitian Hamiltonians [1, 2] . One of the distinct features is the existence of exceptional point (EP), at which both the eigenvalues and the corresponding eigenvectors coalesce [17] . Classical systems, such as optics and photonics, have provided fertile grounds to investigate EP-related novel phenomena and applications [3, 4] , such as single mode lasers with gain and loss [18] [19] [20] , unidirectional invisibility [21, 22] , EP-enhanced mode splitting [23] [24] [25] [26] and many others [27] [28] [29] [30] . These fascinating processes were realized at or near an EP, but some other important properties of the EP can only be revealed when it is encircled in the parameter space. When the EP is encircled in a quasistatic manner, the two eigenvalues and the corresponding eigenvectors swap with each other [31] [32] [33] [34] [35] . The effects due to dynamically encircling EPs have been investigated in classical systems [13] [14] [15] [16] . Mode switching will emerge when the start points locate at different parity-time-symmetric (PT -symmetric) phases [5] [6] [7] [8] [9] [10] [11] [12] . These mode switches are expected to play an important role in quantum control [12] .
We take the following non-Hermitian Hamiltonian as an example to describe the mode switching phenomenon:
where γ is a constant number chosen as γ = 1, δ and g are time-dependent real numbers. Eigenenergies of this Hamiltonian are E ± = ± g 2 + δ 2 /4 − 1 + iδ, and a pair of EPs arises when δ = 0 and g = ±1. For different δ and g, the real and imaginary parts of E ± are shown in Fig. 1 , which displays a complex eigenvalue topology of two intersecting Riemann sheets wrapped around the EP. Dynamically encircling the EP in the parameter space is realized by the time-dependent parameters, δ(t) = 0.5 sin[θ(t) + θ 0 ] and g(t) = 1 + 0.5 cos[θ(t) + θ 0 ], where θ(t) = ωt is the encircling angle and θ 0 defines the start point. The encircling direction is decided by the sign of ω as shown by the red arc with arrow. In Fig. 1a and b, θ 0 = 0 and the start points locate at the PT -symmetric phase. The encircling initial state is prepared to |α A or |β A which is the eigenstate of the initial Hamiltonian at start point A. When the encircling direction is clockwise, both |α A and |β A will evolve to |β A (Fig. 1a ). When the encircling direction is counterclockwise, both |α A and |β A will evolve to |α A (Fig. 1b ).
The encircling final state depends on the encircling direction, which is taken as the asymmetric mode switching. In Fig. 1c and d, θ 0 = π and the start points locate at the PT -symmetry broken phase. The encircling initial state is prepared to |α B or |β B which is eigenstate of the initial Hamiltonian at start point B. Whether the encircling direction is clockwise ( Fig. 1c ) or counterclockwise ( Fig. 1d ), both |α B and |β B will evolve to |α B . This exhibits the symmetric mode switching. Experimental investigations of phenomena via dynamically encircling EPs have been realized in classical systems [13] [14] [15] [16] , and the research has remained elusive in the quantum domain. This is because the Hamiltonian of a closed quantum system is Hermitian while the evolution of dynamically encircling an EP is governed by the time-dependent non-Hermitian Hamiltonian. Recently, there have been experiments investigating dynamics of individual quantum systems driven by non-Hermitian Hamiltonians [36] [37] [38] . In these works, the Hamiltonians are time-independent, which prevent further investigating important physics driven by time-dependent non-Hermitian Hamiltonians. To overcome this obstacle, we have utilized a dilation method to realize time-dependent non-Hermitian Hamiltonians. Then dynamically encircling an EP has been realized in a single-spin system and mode switches have been observed. The procedure of dynamically encircling an EP is described by the Schrödinger equation i∂ t |ψ(t) = H s (t)|ψ(t) . We introduce an ancilla qubit to construct the dilated state |Ψ(t) = |ψ(t) ⊗ |− + η(t)|ψ(t) ⊗ |+ (unnormalized for convenience), where |− = (|0 − i|1 )/ √ 2 and |+ = −i(|0 +i|1 )/ √ 2 form an orthogonal basis of the ancilla qubit, and η(t) is an appropriate operator given by the dilation method (see Supplementary Note II for details). The evolution of |ψ(t) is embedded in the subspace of |Ψ(t) where the state of the ancilla qubit is |− . The state |Ψ(t) is governed by the Hermitian Hamiltonian, H s,a (t), which can be flexibly designed according to practical quantum systems. Here we choose
where
is a real function (see Supplementary Note II for details). During the encircling process, the inner product of the encircling state, ψ(t)|ψ(t) , covers several orders of magnitude since the evolution under the non-Hermitian Hamiltonian H s (t) is trace non-conservative. The probability of obtaining the ancilla qubit state |− , P − (t), will be small during some periods of evolution, which makes it difficult to continuously monitor the state evolution of dynamically encircling the EP though selecting the state |− of the ancilla qubit (see Supplementary Note III for details). To solve this problem, we introduce an alternative measurement method. The dilated state can also be rewritten as |Ψ(t) = [I − iη(t)]|ψ(t) ⊗ |0 − i[I + iη(t)]|ψ(t) ⊗ |1 . The state of the system qubit is measured when the ancilla qubit state is |0 , which is |χ(t) = [I − iη(t)]|ψ(t) . Then the state |ψ(t) is obtained by multiplying [I −iη(t)] −1 to the state |χ(t) with proper renormalization.
Our scheme is demonstrated in a single nitrogenvacancy (NV) center in diamond ( Fig. 2a ). With a static magnetic field applied along the NV symmetry axis, the Hamiltonian of the NV center can be written as
87 GHz is the zero-field splitting of the electron spin, Q = −4.95 MHz is the nuclear quadrupolar interaction, and A = −2.16 MHz is the hyperfine coupling between the electron spin and the nuclear spin. ω e (ω n ) denotes the Zeeman splitting of the electron (nuclear) spin. S z and I z are the spin-1 operators of the electron spin and the nuclear spin, respectively. The subspace spanned by |0 e |1 n , |0 e |0 n , | − 1 e |1 n and | − 1 e |0 n (black box in Fig. 2b ) is encoded as a two-qubit system to construct Hamiltonian H s,a (t). The electron spin is chosen as the system qubit and the nuclear spin is selected as the ancilla qubit. By decomposing Λ(t) and Γ(t) in terms of Pauli operators, we can rewrite the Hamiltonian H s,a (t) in Eq.2 as H s,
/2 are the decomposition coefficients, and σ i = I, σ x , σ y , σ z for i = 0, 1, 2, 3 are Pauli operators. Two selective microwave pulses (red arrows in Fig. 2b ) are applied to realize the Hamiltonian H s,a (t). The Hamiltonian of the pulses in the two-qubit system can be written as
The dilated Hamiltonian H s,a (t) can be constructed in an interaction picture when the amplitudes, angular frequencies and the phases of the two pulses satisfy the following relations, The hyperfine energy levels of the coupling system with NV electron spin and 14 N nuclear spin. The four energy levels in the black box is utilized to form a two-qubit system. c, Quantum circuit of the experiment. The coupling system is initialized to the state |0 e|1 n. Rotation π/2 along axis n1 on the nuclear spin followed by rotation ζ along axis n2 on the electron spin can prepare the coupling system to different initial states. Dynamically encircling the EP is realized by adding two selective microwave pulses (red arrows in (b)). Then state tomography is implemented to measure the state |χ(t) for further obtainment of the state |ψ(t) .
The experiment was implemented on an optically detected magnetic resonance setup. The static magnetic field was set to 500 Gauss in order to polarize the NV center to state |0 e |1 n by optical pumping [39] . When we choose η(0) = η 0 · I, the initial state of the two-qubit system has the form |Ψ(0) = |ψ(0) ⊗ (|− + η 0 |+ ).
The encircling initial state |ψ(0) was set to the eigenstate, |α A or |β A (|α B or |β B ), of the initial Hamiltonian at start point A (B). |Ψ(0) was prepared by rotation R n1 (π/2) on the nuclear spin followed by rotation R n2 (ζ) on the electron spin ( Fig. 2c ), where n 1 = (1 − η 2 0 , 2η 0 , 0)/(1 + η 2 0 ), n 2 and ζ depended on the choice of |ψ(0) . Then the system evolved under the dilated Hamiltonian H s,a (t) by applying two selective MW pulses given in Eq.3 to realize the dynamically encircling procedure. The total encircling time is set to be T = 15 µs. Finally, a state tomography is implemented to measure the state |χ(t) when the ancilla qubit state is |0 . The state |ψ(t) is obtained by multiplying the operator [I − iη(t)] −1 on the state |χ(t) with the maximum likelihood estimation [40] and all the experimental fidelities of |χ(t) and |ψ(t) in our experiment are close to 1 (see Supplementary Note III for details). Fig. 3 displays the results of an asymmetric mode switching when the start point locates at the PTsymmetric phase. The horizontal axes in Fig. 3 and 4 are rotation angle θ for clearly demonstration of the encircling process, where θ = ωt with ω = ±2π/15 rad · µs −1 . Fig. 3a and b show the cases of clockwise encircling. In Fig. 3a , we prepared the encircling initial state, |ψ(0) , to eigenstate |α A . The overlaps of |ψ(0) with |α A and |β A were 1.00(2) and 0.64(2), respectively. The nonzero overlap between |ψ(0) and |β A is due to the nonorthogonality of the two eigenstates of H s (0). Then the encircling state followed the evolution of dynamically encircling the EP characterized by the overlaps with |α A and |β A . After the encircling process, the overlap between the encircling final state and |β A was 1.00 (2) . This shows that eigenstate |α A will switch to |β A after encircling around the EP, as clarified by the sketch on the diagram. In Fig. 3b , the state was first prepared to |β A and the results show that it returned to |β A after the encircling process. The counterclockwise encircling cases are shown in Fig. 3c and d. The initial states were prepared to |α A and |β A in Fig. 3c and d, respectively. After encircling the EP, the encircling states both evolved to |α A . All the measured evolutions in Fig. 3 show good agreement with the theoretical predictions. These results exhibit that the encircling initial state doesn't influence the encircling final state. The encircling final state depends on the encircling direction. The evolutions displayed in Fig. 3 unambiguously certifies an asymmetric mode switching when the evolution starts from the PT -symmetric phase. Fig. 4 exhibits the results of a symmetric mode switching when the start point locates at the PT -symmetry broken phase. The overlaps between the encircling state and the eigenstates, |α B and |β B , were used to describe the evolution. Fig. 4a and b show the cases of clockwise encircling and the initial states were prepared to |α B and |β B , respectively. The counterclockwise encircling cases are presented in Fig. 4c and d. For all these cases, the final states evolved to |α B after the encircling process regardless of the initial state and the path direction. The experimental results agree well with the corresponding theoretical predictions. These results indisputably reveal a symmetric mode switching when initial Hamiltonian is PT -symmetry broken.
In conclusion, dynamically encircling an EP in a single-spin system has been realized to explore the topological structure of the EP, and both the symmetric and asymmetric mode conversions have been observed. These mode switches provide a robust fashion to control quantum states and thus have great potential in quantum information precessing [12] . Furthermore, our successful demonstration of engineering time-dependent non-Hermitian Hamiltonians opens a door towards future investigation of complicated dynamical processes governed by time-dependent non-Hermitian Hamiltonians in the quantum realm, such as, encircling highorder EPs [41, 42] , researching non-Hermitian geometric phase [43, 44] and studying non-Hermitian topological invariants [45] . * These authors contributed equally to this work. 
Method
Our experiment was implemented on a NV center in a piece of [100] face bulk diamond which is isotopically purified ([ 12 C]=99.9%). The electron spin qubit was chosen as the system qubit. The dephasing time T 2 of the electron spin is 36(3)µs (see Supplementary Note I for details).
The sample was placed in a confocal setup. An acousto-optic modulator (ISOMET, AOMO 3200-121) was utilized to modulate the 532 nm green laser pulses. The laser beam traveled twice through the acoustooptic modulator before going through an oil objective (Olympus, PLAPON 60*O, NA 1.42) and then focusing on the NV center. The phonon sideband fluorescence (wavelength, 650-800nm) went through the same oil objective and was collected by an avalanche photodiode (Perkin Elmer, SPCM-AQRH-14) with a counter card. The static magnetic field of 500 G was provided by a permanent magnet along the NV symmetry axis. The state of the two-qubit system can be effectively polarized to state |0 e |1 n by laser pumping. Microwave (MW) and radio-frequency (RF) pulses generated by an arbitrary waveform generator (Keysight, M8190A) were applied to manipulate the state of the two-qubit system. The MW pulses were amplified by an amplifier (AmpliTech, APTMP3-01001800-2520-D4) and fed by a coplanar waveguide. The RF pulses were carried by a RF coil after the amplification of a power amplifier (Mini-Circuits, LZY-22+).
Supplementary Material

NOTE I: SAMPLE
Our experiment was implemented on a NV center in [100] face bulk diamond which was isotopically purified ([ 12 C]=99.9%). The electron spin qubit was chosen as the system qubit. The dephasing time, T 2 = 36(3)µs, of the electron spin is obtained by Ramsey sequence as shown in Supplementary Fig. S1 .
NOTE II: DILATION METHOD
This part gives the derivation of how the dilated Hamiltonian H s,a (t) in equation (2) of the main text is obtained. The evolution of dynamically encircling the EP is described by the Schrödinger equation:
i∂ t |ψ(t) = H s (t)|ψ(t) .
(S1)
The non-unitary evolution of the state |ψ(t) is realized in a quantum system by a dilation method. We introduce an ancilla qubit and construct the following dilated state
where |− = (|0 −i|1 )/ √ 2, |+ = −i(|0 +i|1 )/ √ 2 are the eigenstates of Pauli operator σ y , which form an orthogonal basis of the ancilla qubit, and η(t) is an appropriate operator. The evolution of |ψ(t) is embedded in the subspace of |Ψ(t) where the ancilla qubit state is |− . The state |Ψ(t) is governed by the dilated Hermitian Hamiltonian H s,a (t) and its evolution follows the Schrödinger equation
Once the form of the dilated Hamiltonian H s,a (t) is obtained, we can realize dynamically encircling the EP in a quantum system. From equation S1, the solution of the encircling state is
We define an operator M (t) as
where b(t) is a real function and M (0) is the initial operator of M (t). The relation between operator M (t) and η(t) is defined as With equation S4 and S5, the denominator of the dilated state in equation S2 can be reduced to
where we have chosen M (0) = I/ ψ(0)|ψ(0) . Then the dilated state takes the form
where we have defined H s (t) = H s (t) + ib(t) · I, and equation S4 has been taken into account. If we choose |ψ (0) = |ψ(0) , then |ψ (t) = T e −i t 0 H s (τ )dτ |ψ(0) is the solution of the Schrödinger equation
In this condition, equation S8 reduces to
Comparing equations S3, S9 and S10 with equations 1-3 in the supplementary material of 
which is equation (2) in the main text.
NOTE III: MEASUREMENT METHOD
This part explains the difficulty of obtaining the encircling state |ψ(t) though measuring the system qubit state when the ancilla qubit state is |− and shows how we measured |ψ(t) experimentally.
Without loss of generality, two cases are chosen as examples for demonstration. The encircling initial state is |α B and |β B for case I and case II, respectively. The start points of these two cases both locate at the PT -symmetry broken phase, and the encircling directions are all clockwise. Considering the Hamiltonian of the NV center, we multiply an overall coefficient of 10 −3 GHz to the H s in equation (1) of the main text. The inner products of the encircling state, ψ(t)|ψ(t) , are given in Supplementary Fig. S2A , where we can see that the inner products cover several orders of magnitude for both cases. The initial operators of M (t) were both set as M (0) = 1.5 · I when dilating H s (t) into H s,a (t). The real value functions b(t) were both chosen as the form given in Supplementary Fig. S2B to keep operator M (t) − I positive during the dilation process. The probabilities of obtaining the ancilla qubit state |− , P − (t), are plotted in Supplementary Fig. S2C for both cases. Supplementary Fig. S2C shows that the P − (t) in case I is big enough for measurement all the time. However, the P − (t) in case II is only the magnitude of 10 −4 for some time and many repeat times of the experiment will be needed to measure it. To reduce the difficulty of the experiment, we therefore introduce the measurement method in the main text. The dilated state of the two-qubit system in equation S2 can also be written as
(S13)
The state of the system qubit when the ancilla qubit state is |0 is defined as
(S14)
We use quantum state tomography to measure state |χ(t) . Then state |ψ(t) can be obtained by multiplying [I − iη(t)] −1 to state |χ(t) , renormalizing the state and finally using the maximum likelihood estimation [RefS2]. The four levels give rise to different photoluminescence(PL) rates [RefS3], labeled by L |0 e|1 n , L |0 e |0 n , L |−1 e |1 n , and L |−1 e|0 n , respectively. The PL rate differences can be used to readout the state of the two-qubit system. However, states with different population distributions can display the same PL rate, thus a set of pulse sequences given in Supplementary Fig. S3 were utilized to measure the dilated state.
FIG. S3. Pulse Sequences for Quantum State Tomography. ρ |Ψ(t) denotes the dilated state. X(π) MW1 in the second pulse sequence denotes the selective MW pulse between level |0 e|1 n and level | − 1 e|1 n (see Fig. 2 in the main text) along the X-axis, and the rotate angle is π. For other pulse sequences, the definitions are similar. Ei represents the obtained PL rate of the state after the effect of the i th pulse sequence.
The density matrix of the dilated state |Ψ(t) can be denoted by
which means the density matrix of state |χ(t) is ρ |χ(t) = ρ 11 ρ 13 ρ 31 ρ 33 .
(S16)
The first pulse sequence in Supplementary Fig. S3 represents direct readout of state |Ψ(t) , and the obtained PL rate was 
By solving equation S18, we can obtain that the elements of the density matrix ρ |χ(t) are
,
where L |0 e |1 n − L |−1 e |1 n , L |0 e |1 n − L |0 e|0 n , and L |0 e |0 n − L |−1 e |0 n denote the PL rate differences between the corresponding energy levels. These PL rate differences were measured by Rabi oscillation experiments. With equation S14, the density matrix of state |ψ(t) can be calculated by
where c(t) is a normalization coefficient, and the operator η(t) can be obtained from equation S6, that is η(t) = M (t) − I. The obtained density matrix ρ |ψ(t) may be non-physical. To solve this problem, a maximum likelihood estimation method is utilized to find the most possible physical state as the final |ψ(t) . Supplementary Fig. S4 shows the results of the measured density matrix ρ |χ(θ) and the transformed density matrix ρ |ψ(θ) by taking the case II as an example (Here we have replaced θ for t and the relation is θ = 2πt/T ). The results of the encircling initial state are displayed in Supplementary Fig. S4A and B . The red bars are the experimental results and the blue bars are the simulation results which included the dephasing noise of the electron spin. The fidelities between the experimental obtained density matrixes and the simulated ones in Supplementary Fig. S4A and B are F ρ |χ(0) = 0.98(3) and F ρ |ψ(0) = 1.00(4), respectively. As for the encircling final state, the measured density matrix ρ |χ(2π) is depicted in Supplementary Fig. S4C and the transformed density matrix ρ |ψ(2π) is given in Supplementary  Fig. S4D . The fidelities between the experimental and simulated density matrixes in Supplementary Fig. S4C and D are F ρ |χ(0) = 0.99(1) and F ρ |ψ(0) = 1.00(4), respectively. For other encircling angles and each encircling cases, the fidelities between the experimental and simulated results are summarized in the Supplementary Table S1 . The average fidelity between the experimental results and the simulated results for the measured density matrix ρ |χ(θ) and the transformed density matrix ρ |ψ(θ) are both close to 1. These high fidelities show that the measured states agree well with the simulation predications. 1.00(5) 1.00(5) 1.00(5) 1.00(5) 0.99(4) 1.00(4) 0.99(4) 1.00 (4) Fρ |χ(π/3) 0.96 (3) 1.00(3) 1.00(4) 1.00(5) 1.00(4) 1.00(3) 1.00(4) 1.00(4) 1.00 (3) Fρ |χ(4π/3) 1.00(1) 0.97(3) 0.99(1) 0.97(1) 0.99(1) 0.99(5) 0.97(2) 0.98 (3) Fρ |ψ(4π/3) 1.00(4) 1.00(4) 1.00(4) 1.00(3) 1.00(5) 1.00(5) 1.00(4) 1.00 (4) Fρ |χ(5π/3) 0.99(2) 0.99(1) 0.99(1) 0.98(1) 0.98(2) 0.99(1) 0.98(1) 0.98 (2) Fρ |ψ(5π/3) 1.00(4) 1.00(4) 1.00(4) 1.00(4) 1.00(4) 1.00(3) 1.00(3) 1.00 (3) Fρ |χ(2π) 0.99(1) 1.00(1) 0.99(3) 0.99(1) 0.98(1) 0.99(1) 0.99(1) 0.99(1) Fρ |ψ(2π) 1.00(4) 1.00(5) 1.00(5) 1.00(3) 1.00(3) 1.00(4) 1.00(3) 1.00 (4) The static Hamiltonian of the NV center has the form
The subspace spanned by |0 e |1 n , |0 e |0 n , |−1 e |1 n and |−1 e |0 n is utilized to form a two-qubit system to perform the experiment. The static Hamiltonian of the NV center in this subspace can be simplified as
To construct H s,a (t) in this subspace, we apply two slightly detuned MW pulses to selectively drive the electron spin transitions, as depicted in Fig. 2b in the main text. The Hamiltonian of the pulses can be written as H C (t) = Ω 1 (t) cos[ t 0 ω 1 (τ )dτ + φ 1 (t)]σ x ⊗ |1 n n 1| + Ω 2 (t) cos[ t 0 ω 2 (τ )dτ + φ 2 (t)]σ x ⊗ |0 n n 0|.
(S24)
where Ω 1 (t), ω 1 (t) and φ 1 (t) (Ω 2 (t), ω 2 (t) and φ 2 (t)) are the amplitude, angular frequency and phase of the MW1 (MW2) pulse. Thus the total Hamiltonian of the NV center when applying MW pulses is
+ Ω 1 (t) cos[ 
To construct H s,a (t) in the NV center, we need to select an appropriate interaction picture and delicately set the parameters Ω 1 (t), Ω 2 (t), ω 1 (t), ω 2 (t), φ 1 (t) and φ 2 (t).
Comparing the diagonal components of H s,a (t) and H tot (t), we can choose the interaction picture as U rot (t) = e i t 0 [H0−A0(τ )I⊗I−A3(τ )σz⊗I−B0(τ )I⊗σz−B3(τ )σz⊗σz]dτ .
